Auger recombination is an important non-radiative carrier recombination mechanism in many classes of optoelectronic devices. The microscopic Auger processes can be either direct or indirect, mediated by an additional scattering mechanism such as the electron-phonon interaction. Phononassisted Auger recombination is particularly strong in nitride materials and affects the efficiency of nitride optoelectronic devices at high powers. Here we present a first-principles computational formalism for the study of direct and indirect Auger recombination in direct-band-gap semiconductors and apply it to the case of nitride materials. We show that direct Auger recombination is weak in the nitrides and cannot account for experimental measurements. On the other hand, carrier scattering by phonons and alloy disorder enables indirect Auger processes that can explain the observed loss in devices. We analyze the dominant phonon contributions to the Auger recombination rate and the influence of temperature and strain on the values of the Auger coefficients.
I. INTRODUCTION
Auger recombination is an important non-radiative carrier recombination mechanism that is well recognized as a loss mechanism in optoelectronic devices such as light-emitting (LEDs) and laser diodes. 1 In the Auger process, the energy released through an electron-hole recombination event, approximately equal to the band gap of the material, is transferred via Coulomb scattering to a third free carrier that is excited to a higher-energy state [ Fig. 1(a) ].
The third carrier can be either an electron [in which case the process is called an electronelectron-hole (e-e-h) process] or a hole [hole-hole-electron (h-h-e)]. The overall energy and momentum of the carriers is conserved, and for non-degenerate carriers the recombination rate scales with the third power of the carrier density. As a result, it becomes an important carrier recombination mechanism at high carrier densities and reduces the efficiency of solidstate light emitters at high currents. In particular, Auger recombination has been shown to be involved in the efficiency reduction of nitride LEDs and lasers at high power.
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The direct Auger recombination process [ Fig. 1(a) ] has been studied both analytically (e.g., Refs.
14-17) as well as with first-principles calculations.
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An additional type of Auger recombination mechanisms are those assisted by scattering due to phonons, defects, alloying, etc. [ Fig. 1(b) ]. The coupling of charge carriers to lattice vibrations in semiconductors gives rise to important quantum processes such as optical absorption in indirect-gap materials 23, 24 and free-carrier absorption in semiconductors 25, 26 and transparent conducting oxides. 27 Phonon-assisted Auger processes have until recently only been treated with model calculations for the band structure and/or the electron-phonon coupling matrix elements, and/or only a fraction of all the relevant microscopic processes have been accounted for. [28] [29] [30] [31] [32] [33] [34] We have developed a set of first-principles computational approaches to study direct and indirect Auger recombination in nitride materials. Some initial results of our work have been reported elsewhere. [35] [36] [37] Our calculations allowed us to conclude that Auger recombination, and in particular the indirect process assisted by electron-phonon coupling or alloy-disorder scattering, is especially strong in nitride materials. The calculated coefficient is sufficient to explain the efficiency droop in nitride light emitters. Moreover, we have found that phonon-mediated processes dominate Auger recombination in GaAs.
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In the present paper, we present the full formalism and computational details for the first-principles calculation of direct and indirect Auger recombination in direct-band-gap process is assisted by a carrier-scattering mechanism, such as electron-phonon coupling, alloy disorder, or defect scattering, which provides additional momentum and enables Auger transitions to a wider range of final conduction-band states throughout the first Brillouin zone.
semiconductors. Our computational formalism makes use of an array of first-principles tools, such as the maximally localized Wannier function method for the efficient interpolation of energy eigenvalues [38] [39] [40] [41] and density functional perturbation theory 42, 43 for the calculation of phonon frequencies and electron-phonon coupling matrix elements. We discuss the results we obtained for nitride materials and we show that phonon-and alloy-scattering-assisted
Auger recombination dominates in this technologically important class of wide-band-gap semiconductors. The approximations we developed to reduce the computational cost are also described.
The article is organized as follows. In Section II we present the relevant equations for the calculation of the direct and indirect Auger coefficients in semiconductors. In Section III
we describe the computational formalism we implemented and the approximations we used 3 for the calculations. In Section IV we present our results for nitride materials: In Subsection IV A we discuss our results for direct Auger recombination in GaN. In Subsection IV B we present our results for the alloy-scattering-assisted Auger recombination in In 0.25 Ga 0.75 N.
In Subsection IV C we describe the results for the phonon-assisted Auger recombination in GaN, analyze the contributions by the various phonons, and discuss the effects of temperature and strain. In Subsection IV D we discuss charge-defect-assisted Auger recombination in GaN, and finally in Subsection IV E we present the cumulative values of the Auger recombination coefficients.
II. AUGER RECOMBINATION FORMALISM

A. Direct Auger recombination
The formalism for the calculation of the direct Auger recombination rate has been reported previously; 18, 19, 22, 44 for completeness we provide a brief review here. The Auger recombination rate is calculated starting from Fermi's golden rule, which gives the transition probability per unit time in terms of matrix elements of the perturbation and the quasiparticle energies. For the case of electrons and holes in a solid, the Auger recombination rate is given by:
where the bold indices are composite band and k-point indices [1 ≡ (n 1 , k 1 )], the factor of 2 accounts for spin, P is a statistics factor that accounts for the occupation numbers and ensures that transitions occur only from occupied to empty fermion states,
and f are free-carrier occupation numbers according to Fermi-Dirac statistics. The δ-function ensures energy conservation, while momentum conservation is imposed by the matrix elements.
The perturbing Hamiltonian is the screened Coulomb interaction between the carriers and involves two terms, the direct and the exchange one, that account for the antisymmetry of the many-body wave function under fermion exchange: where the direct (M d ) and exchange (M x ) terms are given by matrix elements of the screened Coulomb interaction (W ) between electron and hole wave functions (ψ):
and are shown in Figs. 2(a) and (b), respectively. The matrix elements of the screened Coulomb interaction are given by:
where G is the Umklapp vector that brings 
where ε(q) is the static dielectric function of the material and λ is the inverse screening length due to the free carriers. The overlap integrals, I, are given by:
where c are the plane-wave components of the lattice-periodic part of the Bloch functions u.
The Auger rate is then calculated using:
where 4 ≡ (n 4 , k 1 +k 2 −k 3 +G ). In the remainder of this paper, we assume an equal density of free electrons and holes (n = p), which is usually the case in optoelectronic devices for high injected carrier densities and under steady-state conditions. For non-degenerate carriers, which can be described with Boltzmann statistics, the Auger recombination rate scales with the third power of the carrier density. 44 At high carrier concentrations, however, the carriers become degenerate and need to be described by Fermi-Dirac statistics. In this case, the exponent of the power law can take values lower than 3, an effect known as phase-space filling. 46 In the following, we will calculate density-dependent Auger coefficients C = C(n)
defined by:
B. Indirect Auger recombination
In this Subsection, we present the complete formalism for the calculation of the indirect recombination rate. Various aspects of this formalism have been presented before in Refs. 
where the perturbation Hamiltonian (H ) is the combination of the screened Coulomb interaction plus the scattering mechanism (e.g., the electron-phonon interaction), and E I , E F , and E M are the energies of the initial, final, and intermediate states.
By summing over all initial and final states, we obtain an expression for the recombination rate similar to the expression for direct Auger recombination [Eq. (1)]. The equation for phonon-assisted Auger recombination is:
1234,νqP
where ν is the phonon mode and q is the phonon wave vector. The upper (lower) sign corresponds to the phonon-emission (absorption) process, respectively. The difference with direct Auger recombination is that the phonon energy ( ω νq ) enters the energy-conserving δ-function (the phonon momentum q appears in the momentum-conserving matrix elements later). The statistics factor P is modified to account for the additional phonon absorption or emission process,P
where n νq are the phonon occupation numbers given by Bose-Einstein statistics:
and the matrix element has been generalized to include the scattering to the virtual intermediate state.
There are eight diagrams that enter the calculation of the generalized matrix element that correspond to all possible combinations of the electron-phonon and screened-Coulomb interaction Hamiltonians (direct and exchange) for both parallel and antiparallel initial carrier spin configurations. These diagrams are summed in groups and then squared, depending on whether they correspond to distinguishable or indistinguishable quantum processes. The
III. COMPUTATIONAL FORMALISM
Calculations for the electronic energies and wave functions were performed using density functional theory (DFT) 49, 50 within the local-density approximation for the exchangecorrelation potential 51, 52 and the plane-wave pseudopotential method. 43, 53 Effects due to the spin-orbit interaction, which are small in nitride semiconductors, were not included in the calculations. After a self-consistent calculation was performed to obtain the charge density,
we determined the maximally-localized Wannier functions 38-40 which we subsequently used to interpolate the band structure from coarse k-grids (8×8×8 for the GaN calculations in To describe the distribution of the free carriers over states near the band extrema, we interpolated the bands to fine k-point meshes in the Brillouin zone and determined the quasiFermi levels as a function of the free-carrier density and temperature. We then applied a cutoff criterion to limit the number of k-points used in subsequent Auger rate calculations.
The criterion was to keep only k-points which correspond to band energies within an energy cutoff from the corresponding band edge, E cutoff = F + M kT , where F is the free-carrier quasi-Fermi level and M is an integer. The integer cutoff parameter M is determined such that the free-carrier density obtained after applying the cutoff criterion differs by less than 1% from its starting value. This ensures that most of the free charge carriers are accounted for when calculating the Auger rates. We repeat this procedure to converge the Auger coefficients with respect to the k-grid spacing.
To further reduce the number of k-points used in Auger rate calculations, the sums over hole states are sampled with coarser grids that are half as dense along each linear dimension as the corresponding electron sums. This choice relies on the fact that holes in the nitrides have a larger effective mass than electrons and thus occupy a larger k-space volume around 10 Γ that can be effectively sampled with coarser grids. Since we eventually converge our calculations with respect to the grid spacing, the choice of sparser hole grids speeds up the calculations without loss of accuracy.
For the calculation of the matrix elements of the screened Coulomb interaction [Eq. (5)] we used a model dielectric function:
where ε ∞ is the dielectric constant due to electronic screening, q TF is the Thomas-Fermi wave vector, ω p is the plasma frequency, and α = 1.563 is an empirical parameter. This model has been shown to accurately reproduce the first-principles dielectric function of zinc-blende GaN calculated in the random-phase-approximation. 55 For the wave functions used to calculate the matrix elements we employed a lower plane-wave cut-off energy (50 Ry) than the self-consistent field calculations (90 Ry) to speed up the calculation. The choice of this lower plane-wave cut-off energy does not affect the calculated Auger rates.
For the dielectric constant of GaN needed by the model, we used the directionally averaged 
k B T , and the Thomas-Fermi equation for degenerate carriers [λ
We use similar equations for the screening wave vector of holes λ h and sum the contributions by electrons and holes to obtain the total free-carrier screening wave vector
h . For the calculation of the phonon-assisted Auger coefficients, we need to make approximations in the way we calculate the indirect Auger rate. The technical challenge is that the full calculation of Eq. (9) that accounts for all possible initial and final electronic states is computationally very expensive. The high computational cost arises because of the fine grids needed to sample the free-carrier distributions in reciprocal space and the large number 11 of associated phonon calculations. The approximation we make is based on the fact that the free carriers are confined in reciprocal space to the vicinity of the band extrema near the Γ point of the Brillouin zone. As a result, the wave functions of the initial electron and hole states can be effectively approximated by the conduction-and valence-band wave functions at the Brillouin-zone center. We will later show that this is a valid approximation for the case of wide-band-gap nitrides.
Within the approximation that the initial-state wave functions are those at the Γ point, the sums over indices 1 to 3 yield N/2, where N is the total number of free electrons or holes and the factor of 2 arises because we already accounted for the carrier spin in the matrix elements. State 4 is initially empty since it is located at an energy on the order of the band gap (i.e., several eV) away from the corresponding band edge. In the case of the e-e-h process, for example, the expression we need to calculate reduces to the form:
which involves only a single sum over the phonon wave vectors and is computationally feasible. A similar expression can be derived for the h-h-e case:
where v 1 and v 2 are hole band indices. The eight components of the generalized matrix element in Eq. (19) are given by:
Similar expressions hold forM 2 toM 8 . Since we are neglecting the spin-orbit interaction, the heavy-and light-hole bands are degenerate at Γ. To eliminate the ambiguity due to arbitrary rotations between the degenerate states, we average the contribution of the heavyand light-hole bands in the evaluation of Eqs. (19) and (20) . The phonon frequencies and electron-phonon coupling matrix elements were calculated using density functional perturbation theory 42, 43 for k-points on a 24×24×12 grid that fall in the irreducible part of the first Brillouin zone of GaN.
IV. RESULTS AND DISCUSSION
A. Direct Auger recombination in GaN
We performed calculations for the direct Auger coefficient in bulk GaN and show that it cannot account for the efficiency reduction of nitride LEDs. In our calculations of Auger rates, we treat the band gap of GaN as an adjustable parameter and rigidly shift the conduc- The data indicate that both e-e-h and h-h-e direct Auger processes are very weak for GaN (less than 10 −38 cm 6 s −1 for E gap = 3.5 eV) and the corresponding coefficients cannot account for the experimentally measured values in nitride devices (10 −31 -10 −30 cm 6 s −1 ).
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The coefficients increase drastically for decreasing band-gap values in the range of 2.4-3. This is due to phase-space filling effects. 46 Free carriers at low densities are nondegenerate and this results in a cubic carrier-dependence of the Auger rate. For degenerate carrier densities, however, the Boltzmann approximation breaks down and carriers need to be described by the Fermi-Dirac distribution, which reduces the cubic density dependence of the Auger rate. In other words, the Auger coefficient becomes density-dependent at high carrier den- Previous calculations of Auger recombination in alloys used the virtual-crystal approximation to model the effect of alloying. However, the virtual crystal is a perfectly periodic arrangement of atoms that misses important aspects of the actual alloy structure, such as substitutional disorder and atomic relaxations. The importance of these two factors has been highlighted, for instance, in the case of TiO 2(a−x) S 2x , where they break the symmetry of optical matrix elements and enhance interband optical absorption, 63 and also in the case of free-carrier absorption in In x Ga 1−x N. 25, 26 In order to capture these effects in our simulations, we have to explicitly study Auger recombination in an alloy supercell that includes both kinds of alloy atoms. A computationally feasible way to do this is with the 32-atoms special quasirandom alloy structure 64 for the 25% alloy composition (Fig. 6) . 65 This particular supercell has the special property that it is the optimal 32-atom supercell that reproduces the short-range correlation function of the random alloy.
The scattering of free carriers by the alloy disorder is found to be important for Auger recombination and significantly increases the Auger coefficients compared to pure GaN. transitions cannot be modeled within the virtual-crystal approximation because the latter cannot describe the folded bands and the associated symmetry breaking. Our first-principles calculations take into account the short-range alloy disorder and incorporate the effect of alloy scattering on the Auger coefficients.
Once the additional scattering processes are taken into account, the dependence of the 
where a and b are dimensionless fitting parameters with values a = 3.1, b = −0.26 for e-e-h and a = 3.9, b = −0.13 for h-h-e.
We note that the calculated density dependence of the alloy-scattering-assisted Auger coefficients differs from the expression C(n) = C 0 /(1 + n/n 0 ) which has been used in the literature to describe the effect of phase-space filling. range (which includes the peak of the internal quantum efficiency of LEDs 9 ) is smaller than the rate of decrease of the radiative coefficient (B). 36 The more rapid decrease of the B coefficient in comparison to the C coefficient with increasing free-carrier density may explain the asymmetry of the internal quantum efficiency curve reported in the literature, 66 without invoking an additional fourth-order or higher-power carrier-loss mechanism.
C. Phonon-assisted Auger recombination in GaN 
coefficient in GaN. The coefficients increase for decreasing band-gap values, indicating that
Auger recombination is enhanced for higher-In-composition alloys.
Phonon mode and wave vector contributions to phonon-assisted Auger coefficients
One interesting question to examine is which phonons contribute to the Auger process to agree with the first-principles results at long wavelengths:
For the model parameters, we used ε 0 = (ε 0 ε well with the first-principles data for the LO-phonon contribution to the scattering, but for the e-e-h case the Fröhlich model cannot account even for that contribution. As we will show later, the reason for this discrepancy is because the phonons involved in the scattering process for band-gap values in the 2.4-3.0 eV range are short-ranged ones (i.e., they involve large momentum transfer) and cannot be captured by the Fröhlich model, which is derived for the long-wavelength limit.
Limitations of approximate band-structure and phonon models
The limitations of approximate phonon models are further illustrated by an analysis of the wave vectors of the phonons that provide the dominant contribution to phonon-assisted
Auger recombination. Figure 12 shows the contributions to the phonon-assisted Auger coefficients from phonons with different momenta q as a function of the adjusted band gap (to model the effect of alloying, but using parameters for GaN) and the norm of the phonon momentum |q|. The plots indicate that for band gap values in the 2.4-3.0 eV range, the dominant contributions to the Auger coefficient originate from scattering by phonons with 25 momenta comparable to the Brillouin-zone dimensions [i.e., comparable to the distance from the Γ to the A point at the boundary of the first Brillouin zone of wurtzite (Fig. 7) ]. This indicates that the phonon-scattering events involved in the indirect Auger process in nitride devices with wavelengths from violet to green are short ranged. This is dictated by the band structure and by the fact that the higher conduction-(valence-)band states, which accommodate the electrons (holes) excited by the e-e-h (h-h-e) processes, are located at wave vectors comparable to the size of the first Brillouin zone.
Our analysis indicates that since phonon-assisted Auger recombination is a short-range effect, it will not be significantly affected by quantum confinement. The values of the phononassisted Auger coefficients for quantum wells with a width of 2.5-3 nm (i.e., 5-6 times the lattice constant along the c axis), which is typical for commercial nitride LEDs, are expected
to be approximately equal to their bulk values. Our results also show that the values of the phonon-assisted Auger coefficients cannot significantly be suppressed by engineering approaches such as nanopattering, because these methods do not modify materials properties on the scale of the unit cell.
These results also validate the approximation of using Γ-point-only wave functions for the initial electron and hole states. It is known from k · p theory that the difference between the wave functions at Γ and at a k-point in the vicinity of Γ is proportional to |k|. 68 Since matrix elements are proportional to the square of the wave function, the error we make by approximating the initial-state wave functions of the carriers with those at Γ is on the order of the square of the ratio of the free-carrier Fermi wave vector versus the dominant-phonon wave vectors, i.e., the Brillouin-zone dimensions. For n = 10 19 cm −3 , the free-carrier Fermi wave vector at T = 0 K is on the order of 0.03 a −1 B , while the Brillouin-zone dimension (distance from Γ to A point) is 0.64 a −1 B . Therefore, the error introduced by this approximation is on the order of 0.2%, which is sufficient for our purposes.
Another conclusion that can be drawn from the results of Figs. 11 and 12 is that the calculations using k ·p theory for the band structure and the Fröhlich model for the electronphonon coupling employed in Ref. 33 cannot properly capture Auger recombination in wideband-gap nitride materials. This is because k · p theory is inaccurate for the bands and wave functions of states in the energy range at 2.4-3.0 eV away from the band edges, which is relevant for Auger recombination in the nitrides, and therefore cannot accurately include the contribution of these states to the overall recombination rate. Moreover, Figs. 11(a) 
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(b) illustrate that the dominant contributions to the phonon-assisted Auger recombination rate arises from deformation-potential optical phonon scattering and from acoustic phonons, while the LO phonons contribute only a small fraction to the overall rate. In addition, the results in Figs. 11(a) and (b) show that the Fröhlich model cannot accurately capture the contribution of the LO phonons to the Auger rate and that a microscopic description of electron-LO-phonon coupling is necessary. The proper description of the energies and wave functions of states away from the band edges as well as the incorporation of all phonon modes in electron-phonon scattering provided by the first-principles calculations of this work is essential to obtain accurate results for phonon-assisted Auger recombination in the nitrides.
Appropriateness of second-order perturbation theory
Our results also show that another previous study of phonon-assisted Auger recombination in the nitrides, 69 which is based on the formalism of Bardyzewski and Yevick, show that Auger recombination in InGaN occurs even at cryogenic temperatures (4 K).
This is in contrast with the expected exponential temperature dependence of direct Auger recombination 44 but in agreement with our finding that phonon-emission-assisted Auger processes are possible even at absolute zero temperature.
Influence of strain on phonon-asissted Auger coefficients
We also explored the influence of strain on the value of the phonon-assisted Auger coefficients, but we found that the effect is very small. Strain modifies the relative energy of the valence bands near the maximum at Γ 73 and influences the electron-hole recombination.
It is therefore conceivable that certain strain conditions could yield a favorable valenceband ordering that minimizes the Auger coefficients. To test this hypothesis, we calculated the phonon-assisted Auger coefficients in strained GaN. We applied a 0.5% tensile strain along one of the primitive vectors in the c-plane of the wurtzite structure, which breaks the valence-band degeneracy and allows us to distinguish transitions involving various hole states. The value of the Auger coefficients for various InGaN compositions was again calculated by applying a rigid scissors shift to the band gap. The calculated results are shown in Fig. 15 . The e-e-h phonon-assisted Auger coefficient depends weakly on the choice of hole state [ Fig. 15(a) ]. This is expected by symmetry since electrons occupy Ga s states, while the top of the valence band is made of N p orbitals oriented along different directions.
On the other hand, we expect variations for the h-h-e coefficient depending on whether the two holes occupy the same or different valence bands. Our results, however, show that this dependence is weak [ Fig. 15(b) ]. Therefore, the aplication of strain in order to reorder the valence bands and alter the hole state occupations does not significantly reduce the value of the phonon-assisted Auger recombination rate, which is the primary Auger recombination mechanism in the nitrides.
D. Charged-defect-assisted Auger recombination in GaN
Another scattering mechanism that can in principle contribute to indirect Auger recombination is scattering due to charged defects. The formalism for the calculation of the charged-defect-assisted Auger coefficient is similar to the phonon-assisted case, except the where ∆V defect is the screened Coulomb potential of a defect of charge Z:
The calculations were performed using band-structure and screening parameters for GaN and rigidly shifting the band gap to model the effect of alloying. We investigated the scattering induced by negatively charged defects on Ga sites. The results for the e-e-h and h-h-e processes for a free-carrier concentration of 10 19 cm −3 are shown in Fig. 16 . We assumed a singly charged defect (Z = 1) with a density of 10 19 cm −3 . This density is actually much higher than observed defect densities, for instance for the Ga vacancies that are the most common point defects in n-type GaN. 74,75 Figure 16 illustrates that charged-defect-assisted
Auger recombination is weak for realistic densities of charged defects. Even if we assume a concentration of 10 19 cm −3 of triply charged defects (Z = 3, the charge state expected for gallium vacancies in n-type GaN), the calculated charged-defect-assisted Auger coefficients increase only by a factor of 9 and are still smaller by one order of magnitude compared to the phonon-assisted results. In order to get an effect comparable to phonon-assisted Auger, the defect density would need to be on the order of 10 21 cm −3 of singly charged defects or 10 20 cm −3 of triply charged ones, which are unrealistically high and not encountered in actual devices. Therefore, charged-defect-assisted Auger recombination is an unlikely candidate to explain the efficiency droop in nitride light emitters. This is in agreement with experimental findings that the Auger coefficient does not change significantly for samples of varying quality. This is because the alloy-scattering-assisted Auger recombination rate is proportional to the square of the alloy-disorder-scattering matrix elements, which are proportional to x(1 − x). The scattering of charge carriers by the alloy disorder provides a secondary contribution to Auger recombination. Our results also show that the recombination rate due to direct
Auger processes is negligible compared to the phonon-and alloy-scattering assisted terms, and that charge-defect-assisted Auger recombination is negligible for realistic defect densities in actual devices. Our present results for the phonon-assisted and alloy-scattering-assisted coefficients slightly differ from values we reported previously, 35 mainly due to the different 35 model used in the present work to describe the screening by free carriers.
The calculated values for the Auger coefficients are in agreement with experimentally reported values for nitride LEDs and lasers, and thus they highlight the important role of these non-radiative recombination mechanisms during the operation of nitride optoelectronic devices at high power. 35 The total value of the Auger coefficient for the e-e-h process ranges shown to be sufficient to account for the efficiency droop of nitride LEDs. 35 The formalism is not limited to nitrides and can be applied to study Auger recombination in other classes of materials both from a fundamental materials physics point of view and to understand their performance in high-power optoelectronic applications. Future improvements to the methodology could include the first-principles calculation of the dielectric function within the random-phase approximation 45 and the inclusion of alloy effects on the band structure and matrix elements for phonon-assisted Auger recombination. 
